The optimal placement and operation of pressure control valves in water distribution networks 12 is a challenging engineering problem. When formulated in a mathematical optimisation frame-13 work, this problem results in a nonconvex mixed integer nonlinear program (MINLP), which has 14 combinatorial computational complexity. As a result, the considered MINLP becomes particularly 15 difficult to solve for large-scale looped operational networks. We extend and combine network 16 model reduction techniques with the proposed optimisation framework in order to lower the com-17 putational burden and enable the optimal placement and operation of control valves in these com-18 plex water distribution networks. An outer approximation algorithm is used to solve the considered 19 MINLPs on reduced hydraulic models. We demonstrate that the restriction of the considered op-20 timisation problem on a reduced hydraulic model is not equivalent to solving the original larger 21 MINLP, and its solution is therefore sub-optimal. Consequently, we investigate the trade-off be-22 tween reducing computational complexity and the potential sub-optimality of the solutions that 23 1
(1) 136 where L j is the length of link j, w i = ∑ j∈I(i) L j /2 with I(i) set of indices for links incident at node 137 i, and W = ∑ n n i=1 w i is a normalisation factor.
138
The optimisation problem is subject to physical constraints in the form of energy and mass 139 conservation laws: 140 Φ Φ Φ(q t ) + A 12 h t + A 10 h t 0 + η η η t t t = 0, t = 1, . . . , n l ,
A 12 T q t − d t = 0. t = 1, . . . , n l ,
where the vector η η η t t t := [η t 1 . . . η t n p ] T in equation (2) represents the unknown additional head 141 losses introduced by the action of control valves. In order to formulate linear constraints modelling 142 the placement of a valve or otherwise on network links, we introduce diagonal matrices of large 143 positive constants M + := diag(M + 1 , . . . , M + n p ) ∈ R n p ×n p and M − := diag(M − 1 , . . . , M − n p ) ∈ η η η t − M + z + ≤ 0, t = 1, . . . , n l ,
− q t + Q max z + ≤ q max , t = 1, . . . , n l ,
− η η η t − M − z − ≤ 0, t = 1, . . . , n l ,
q t + Q max z − ≤ q max , t = 1, . . . , n l .
147
In the following, we clarify the role of these linear constraints. Assume that z + j = z − j = 0 for a 148 particular link j. Constraints (4)-(5) imply that η t j = 0, while the sign of q t j is not constrained and 149 −q max j ≤ q t j ≤ q max j for all t ∈ {1, . . . , n l }. Therefore, (2) represents the standard Bernoulli equation 150 for energy conservation across link j. Now let z + j = 1, which implies z − j = 0. Constraints (4) -151 (7) yield 0 ≤ η t j ≤ M + j and 0 ≤ q t j ≤ q max j , ∀t ∈ {1, . . . , n l }. Note that M + j has to be larger then 152 any feasible value for η t j . Analogously, if z − j = 1, we have −M − j ≤ η t j ≤ 0 and −q max j ≤ q t j ≤ 0, 153 for all time steps t ∈ {1, . . . , n l }. Consequently, in our problem formulation, once the direction of 154 operation of a valve is chosen, we do not allow the flow direction to change during the control 155 period -e.g. 24 hours. This assumption is not restrictive from an engineering point of view, as 156 it represents the standard operation of pressure reducing valves, which regulate pressure at their 157 downstream node with no or negligible backflow. Finally, we include in the formulation additional 158 operational, physical and economic constraints:
where h t max and h t min are the vectors of maximum and minimum allowed pressure head, respec-160 tively, 1 := [1, . . . , 1] T ∈ R n p , and n v is the number of PRVs to be installed, based on financial 161 constraints.
162
In summary, the problem formulation assumes known hydraulic heads at water sources, nodal 163 demands, elevations, and bounds on allowed hydraulic heads and flow rates. Optimisation variables 164 include hydraulic heads, flows, additional head losses introduced by the action of control valves, 165 and valve locations. The resulting optimal valve placement problem is formulated as:
167
Note that the Problem (12) has multiple sources of nonconvexity. Firstly, it includes binary 168 constraints which result in a nonconvex disconnected feasible set, requiring the application of 169 branch and bound procedures. In addition, the nonlinear equality constraints in (2) can not be 170 relaxed as convex inequality constraints and so they can not be efficiently handled by convex 171 optimisation tools. Finally, the components of function Φ Φ Φ(·) are nonconvex, because their second 172 order derivatives involve the sign(·) function.
173
The number of linear constraints in Problem (12) is n l (3n n + 4n p ) + n p + 1 while the nonlinear 174 equations involved in the problem formulation are n l n p . In addition, only the n l n p flow variables 175 appear within nonlinear expressions, while the optimisation constraints are linear with respect to the disjoint union of all trees in the network. The part of the network which is not contained in the 211 forest but includes the roots of all the trees is called core. 212 We now introduce the definition of trivial loops, i.e. "leafy loops" involving only nodes with zero 213 demand. In hydraulic models of operational water networks, such loops can be found where some 214 nodal demands have been set to zero to account for disconnected customer connections or where 215 the driver for near real time hydraulic models has resulted in the alignment between hydraulic 216 models and GIS information. • all nodes except one have cardinality two; the unique node with cardinality greater than 220 two is referred to as root of the loop.
221
In order to describe the model-reduction algorithm and illustrate the challenges posed by its ap-222 plication to co-design optimisation problems in WDNs, we devise and present an example network 223 (appropriately named "ToyNet"), whose layout is reported in Figure 1 . The details for the pipes 224 and nodes are listed on the left and right columns of Table 1 , respectively. For this model, the H-W 225 friction head loss formula is used. All nodes with non-zero demand have a required minimum pres-226 sure of 15 m while the maximum velocity in each pipe is 2 m s , hence we set q max P j := πD 2 P j 4 · 2. The 227 maximum allowed hydraulic head at each node is equal to the head at the reservoir, H 0 = 120 m.
228
Given the small size of this example network, it is possible to compute the global minimiser of is V 6 and the corresponding link is P 7 . The conservation of mass and energy equations at V 6 and 236 across P 7 , respectively, are:
Therefore, q P 7 is known a priori while h V 6 can be expressed as a linear function of the head 238 h V 5 and the additional head loss introduced by a possible valve placed on P 7 , denoted by η P 7 . We
In the network described by (P,V ), we identify V 5 as 241 a leaf node whose corresponding link is P 6 . As before, we can discard the variables q P 6 and h V 5 as 242 we can evaluate them from the formulae
and perform the update
245
After this second reduction, we have P ← {P 1 , P 2 , P 3 , P 4 ,
all leaf nodes have been removed from (P,V ). We observe that links P 2 , P 3 are connected in series 247 to V 2 , which has demand equal to zero. The corresponding conservation laws are:
Pecci, October 11, 2018
As shown in Pecci et al. (2017c) , in the case of H-W friction models, the quadratic approxima-249 tion coefficients are defined such that a P 2 = r P 2 α(q max P 2 ), b P 2 = r P 2 β (q max P 2 ) and a P 4 = r P 4 α(q max P 4 ),
Equation (20) implies that q P 2 = q P 4 . Hence, q max P 2 = q max P 4 and we have that
We can introduce a pseudo-link P 8 connecting V 1 and 252 V 4 with flow q P 8 and quadratic approximation coefficients a P 8 := a P 2 + a P 4 and b P 8 :
The conservation laws (18)-(22) are equivalent to:
nodes and links. As a result, the graph simplification does not result in a substantial reduction 261 of the combinatorial complexity: while the overall number of continuous variables and nonlinear 262 constraints is reduced, the set of of binary variables and the number of linear constraints involving 263 the binary variables is preserved. With the aim of reducing the number of binary variables, we 264 assume that no valve has to be placed on forest links P 6 and P 7 . In this case, it is possible to set 265 z − P 6 = z + P 6 = z − P 7 = z + P 7 = 0 and enforce constraints at nodes h V 5 and h V 6 by appropriately modifying 266 minimum and maximum allowed hydraulic heads at the root node V 3 , taking into account the head 267 losses occurring across forest links:
It is therefore possible to ignore all variables and constraints related to forest nodes and links 269 while preserving the feasibility of the solution. However, as we see in the remainder of this section,
270
the computed valve configuration can be sub-optimal, since we discard links P 6 and P 7 from the set We solved Problem (12) on the reduced network using SCIP and found the global optimum with 283 valve placements on P 1 , P 5 , P 8 . The set of candidate locations is then restricted to {P 1 , P 5 , P 2 , P 4 } 284 and Problem (12) is solved for the full network model with SCIP. The optimal solution has a 285 corresponding AZP of 42.65 m and valves on links P 1 , P 4 , P 5 ; compare with the global optima of 286 39.53 with valves placed on links P 4 , P5, P 7 .
287
The implemented two-stage algorithm has resulted in a sub-optimal solution. The reason for by contraction. In order to limit the level of sub-optimality, we include a simple heuristic in the 293 model-reduction algorithm to preserve those links that connect nodes with elevation differentials 294 bigger than some constant ε thres > 0; we discuss how to choose appropriate ε thres values in the 295 Numerical Results section. We then apply the two-stage approach outlined using ToyNet.
296
In general terms, the model reduction algorithm proceeds as follows -for a detailed description 297 see Appendix I. A procedure for computing network forest and core is presented in Simpson et al.
298
(2014), with the aim of improving computational efficiency of hydraulic simulation. We extend the 299 approach by Simpson et al. (2014) in order to enforce the satisfaction of minimum and maximum 300 pressure constraints (8) and (9) Consequently, trivial loops are considered as member of the forest. Finally, we operate the con-305 traction of sequences of links connecting nodes with zero demand by introducing hydraulically 306 equivalent pseudo-links.
307
Let P and V be the index sets of all network links and nodes, respectively, resulting from the 308 model reduction routine. Let Φ Φ Φ P (q t (P)) := diag(φ P(1) (q t P(1) ), . . . , φ P(|P|) (q t P(|P|) )). The restriction
311
where the following notation is adopted: given a matrix B, the expression B(I, J) denotes 312 the sub-matrix composed by rows and columns of B whose indices are in I and J, respectively.
313
The above formulation includes a smaller number of variables and constraints with respect to 314 Problem (12). In particular, Problem (29) has less nonlinear constraints, thus reducing the total 315 nonconvexities, and a smaller number of binary variables.
316
After solving Problem (29), letẑ + andẑ − define optimal valve placements for the reduced 317 model, which we shall use to define candidate valve locations for the original full network. If a 318 valve is placed on a pseudo link, then all links contracted in making it become candidate locations.
319
Similarly, if a valve is placed on a real link of the reduced model, then that link also becomes a 320 candidate valve location. This can be implemented using binary cuts as follows, where z + j and z − j 321 are set to zero for non-candidate links j. Letẑ b = 0 ∈ R n p , then:
322
• ifẑ + l +ẑ − l = 1 and P(l) is not a pseudo-link, we setẑ b (P(l)) = 1.
323
• ifẑ + u +ẑ − u = 1 and P(u) is a pseudo-link, let P(l 0 ), . . . , P(l N ) be the sequence of links that 324 have been contracted in P(u). We setẑ b (P(l j )) = 1, ∀ j ∈ {0, . . . , N}.
327
The binary cuts introduced in Problem (30) considerably reduce the combinatorial complexity 328 with respect to Problem (12) and make the problem easier to solve. In fact, as a consequence 329 of the binary cuts, many binary variables in Problem (30) are fixed. The proposed two-stage 330 method is characterised by the subsequent solution of Problems (29) and (30) The following symbols are used in this paper: 609 n 0 number of water sources; n p , n n number of pipes and nodes, respectively; n l number of loading conditions;
n v number of valves to be installed;
A 12 , A 10 edge-node incidence matrices for the n n nodes and n 0 water sources, respectively; 
